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LOW DEGREE REPRESENTATIONS OF SIMPLE LIE
GROUPS
ROBERT GURALNICK, MICHAEL LARSEN, AND COREY MANACK
1. Introduction
We say a compact Lie group is simple if it is connected, has finite
center and is a simple group modulo its center. This paper is mostly
concerned with upper bounds for Rn(G), the number of characters of
G of degree ≤ n. If is convenient to define the Witten zeta-function
ζG(s) =
∑
χ
χ(1)−s,
where the sum is taken over all irreducible characters of G. By [LL], the
abscissa of convergence of this Dirichlet series is 2/h, where h denotes
the Coxeter number of G. This implies
Rn(G) = O(n
2/h+ǫ)
for all ǫ > 0. One can turn this around and try to bound Rn(G) for
fixed n and varying G. In this direction, Wallach [W] proved that
Rn(G) ≤ 7n.
Our first result gives the optimal bound for this problem.
Theorem 1. If G is a simple compact Lie group and n is a positive
integer,
Rn(G) ≤ n
with equality only if n = 1, G = SU(2), or G = SU(3) and n = 3.
If we exclude groups of low Coxeter number, we can improve on
Theorem 1. A formulation in terms of the Witten zeta-function is as
follows.
Theorem 2. If G1, G2, . . . is a sequence of pairwise non-isomorphic
simple compact Lie groups, and s > 0, then
lim
n→∞
ζGn(s) = 1.
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This can be regarded as an analogue for compact Lie groups of the
main theorem of [LS]. An immediate consequence of Theorem 2 is
Corollary 3. For every ǫ > 0 there exists N such that if G is a simple
compact Lie group of dimension ≥ N , then Rn(G) ≤ n
ǫ for all n ≥ 1.
As a further application, we prove the following theorem.
Theorem 4. For all ǫ > 0, the number of isomorphism classes of pairs
(G, V ), where G is a compact semisimple group and V is a faithful,
irreducible representation of dimension n is O(nǫ).
If G is either a connected algebraic group or a compact Lie group, let
M(G) denote the set of conjugacy classes of maximal closed subgroups
of G (i.e. maximal subgroups among closed proper subgroups). The
previous result can be used to give bounds for |M(G)| in characteristic
0. Considering parabolic subgroups (or subspace stabilizers for classical
compact groups), we see that |M(G)| is greater than the rank of G.
Using the previous result, we can prove:
Theorem 5. Let G be a simple algebraic group over an algebraically
closed field of characteristic 0 or a compact Lie group of rank r. Then
|M(G)| = O(r).
With some effort, one could get a more precise upper bound in the
previous result. The previous result uses a result of Ha¨sa¨ [H] which
does depend upon the classification of finite simple groups. The result
for positive dimensional maximal closed subgroups does not depend on
this.
The last result of the paper is a result about dimensions of fixed
spaces of elements in compact groups. The first author and Malle [GM]
showed that if G is an irreducible subgroup of GL(n, k), n > 1 (for any
field k), then there is an element g ∈ G with fixed space of dimension
at most n/3 (the example SO(3) shows that this is best possible). This
answered a conjecture of Peter Neumann. We show that as n increases
we can do much better for Lie groups. Let w(g) = wV (g) denote the
largest dimension of any eigenspace of g acting on V .
Theorem 6. Let G be a simple compact Lie group. Let V be a finite
dimensional irreducible module. Let ǫ > 0. There exists N = N(ǫ)
such that if dimV > N , then for a dense open subset X of G, g ∈ X
implies that wV (g) < ǫ dimV .
This immediately implies the same result holds for algebraic groups
over algebraically closed fields of characteristic 0.
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2. Counting Representations
We begin by noting that if G is a simple compact Lie group, every
representation of G can be regarded as a representation of its universal
covering group G˜. Thus,
Rn(G˜) ≥ Rn(G)
for all n, and
ζG˜(s) ≥ ζG(s)
for all s > 0 for which the left hand side is defined. Consequently, it
suffices to prove the two theorems for simply connected simple compact
Lie groups, and we will assume henceforth that G = G˜. This is imme-
diate for Theorem 2; for Theorem 1, we note that if G is a non-trivial
quotient of SU(2) (resp. SU(3)), Rn(G) < n for n ≥ 2 (resp. for n = 3).
We therefore consider only simply connected groups henceforth.
The irreducible characters χ of G are indexed by dominant weights
of G. Let r be the rank of G, and ̟1, . . . , ̟r the fundamental weights.
Then the dominant weights are the non-negative linear combinations
λ = (c1 − 1)̟1 + · · ·+ (cr − 1)̟r,
where the ci are positive integers. The half sum ρ of positive roots
equals the sum of the fundamental weights [B, VI, §1, Prop. 29], so
c1̟1 + · · ·+ cr̟r = λ+ ρ.
Weyl’s dimension formula for the character χλ of highest weight λ
asserts
χλ(1) =
∏
α∈Φ+
α∨(λ+ ρ)
α∨(ρ)
,
where Φ+ denotes the set of positive roots of G, and α∨ denotes the
dual root of α. We can express this in terms of the ci as follows. If
α∨1 , . . . α
∨
r are the simple positive roots of the dual root system Φ
∨, and
φ∨1 , . . . , φ
∨
u are all the positive roots in Φ
∨, then every root β∨i ∈ Φ
∨
can be written uniquely as
β∨i =
r∑
j=1
ai,jα
∨
j ,
where the ai,j are non-negative integers. As α
∨
i (̟j) = δij [B, VI, §1.10],
we have
χλ(1) =
u∏
i=1
∑r
j=1 ai,jcj∑r
j=1 ai,j
=
u∏
i=1
r∑
j=1
wi,jcj ,
4 ROBERT GURALNICK, MICHAEL LARSEN, AND COREY MANACK
where the
wi,j =
ai,j∑r
j=1 ai,j
are non-negative and sum to 1.
By the weighted arithmetic-geometric mean inequality,
r∑
j=1
wi,jcj ≥
r∏
j=1
c
wi,j
j .
Multiplying over i = 1, 2, . . . , u, we obtain
(1) χλ(1) ≥
u∏
i=1
c
vj
j ,
where
(2) vj = vj(Φ
∨) =
u∑
i=1
wi,j.
Defining
ZΦ(s) =
r∏
i=1
ζ(vj(Φ)s),
where ζ(s) denotes the Riemann zeta-function, we obtain
(3) ζG(s) ≤ ZΦ∨(s)
for all s for which the right hand side converges.
Our next task is to estimate values of ZΦ(s) for the various root
systems Φ.
Lemma 7. If Φ is of type Ar and the simple roots αi are numbered as
usual, then
vj =
j∑
i=1
r∑
k=j
1
1 + k − i
.
Proof. The roots of Φ are precisely the sums of consecutive simple
roots,
αi + αi+1 + · · ·+ αk.
Each such root contributes 1
1+k−i
to the sum (2) if i ≤ j ≤ k and 0
otherwise. 
Lemma 8. If Φ is of type A and j ≤ r+1
2
, then
(4) vj = vr+1−j ≥ jmax(1, log r − log j).
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Proof. The equality vj = vr+1−j is clear from Lemma 7. If 1 ≤ m ≤
n ≤ j, then 1 ≤ 1+n−m ≤ j ≤ j+n−m ≤ r. Setting i = 1+n−m
and k = j + n−m, we obtain
vj ≥
j∑
i=1
r∑
k=j
1
1 + k − i
≥
j∑
n=1
n∑
m=1
1
n
= j.
On the other hand,
vj ≥
j∑
i=1
r∑
k=j
1
1 + k − i
≥
j∑
i=1
r∑
k=j
1
1 + k − i
≥ j
r∑
k=j
1
k
≥ j
∫ r
j
dx
x
.

Lemma 9. For s ≥ 3,
log ζ(s) ≤ 21−s.
Proof. As x−s is convex for x > 0,
ζ(s) < 1−s + 2−s +
∫ ∞
5/2
x−s dx = 1 + 2−s +
(5/2)1−s
s− 1
.
As s ≥ 3,
(5/2)(5/2)−s ≤ (5/2)(5/4)−32−s <
32
25
· 2−s,
so
ζ(s) < 1 + 2−s +
21−s
2
< 1 + 2 · 2−s,
which implies the lemma. 
Proposition 10. If Φ is of type Ar with r ≥ 9, of type Dr with r ≥ 5,
or of type Er, then
ζG(1) < 13/7.
Proof. Table 1 gives a direct machine computation of the values of
ZΦ(1) = ZΦ∨(1) to four decimal places.
We begin with type Ar. Table 1 shows that this inequality is true
for 9 ≤ r ≤ 20. We therefore assume r ≥ 21. By (3), Lemma 8, and
Lemma 9,
ζG(1) ≤
6∏
i=1
ζ(vi)
2
(r+1)/2∏
i=7
ζ(vi)
2 ≤
6∏
i=1
ζ(i log(21/i))2
(r+1)/2∏
i=7
ζ(vi)
2
≤
6∏
i=1
ζ(i log(21/i))2
∞∏
i=7
e2
2−i
=
6∏
i=1
ζ(i log(21/i))2e1/16 < 13/7.
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A9 1.8558 D5 1.7269
A10 1.7336 D6 1.4609
A11 1.6400 D7 1.3244
A12 1.5667 D8 1.2462
A13 1.5083 D9 1.1978
A14 1.4610 D10 1.1160
A15 1.4221 E6 1.2522
A16 1.3896 E7 1.0836
A17 1.3621 E8 1.0178
A18 1.3386
A19 1.3182
A20 1.3004
Table 1. ZΦ(1)
Next, we consider type Dr, using the standard numbering of simple
roots [B, Planche IV]. If 1 ≤ i ≤ r− 2 and 1 ≤ j ≤ r, there is a unique
path from the ith to the jth vertex in the Dynkin diagram; its length
is |j − i| unless j = r, in which case it is j − 1− i = |j − i| − 1. By [B,
VI, §1, Prop. 19, Cor. 3], the sum of the simple roots corresponding
to the vertices in this path is again a positive root. It follows that for
1 ≤ i ≤ r,
vi(Dr) ≥ vi(Ar).
If 1 ≤ p < q ≤ r − 1, then
(5)
r∑
i=p
αi +
r−2∑
j=q
αj
is a positive root. So is
β +
r−2∑
i=p
αi,
for β ∈ {αr−1, αr} and 1 ≤ p ≤ r − 1. Thus,
vr−1(Dr) = vr(Dr) ≥
r−1∑
i=1
⌈(i+ 1)/2⌉
i
≥
r − 1
2
.
If r ≥ 11, then
vr−1(Dr) > vr−1(Ar) > vr(Ar).
Therefore, in this range the proposition is implied by the result for type
Ar. For 5 ≤ r ≤ 10, it follows from Table 1.
Likewise, for E6, E7, and E8, it follows from Table 1.
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A2 29547000
A3 194100
A4 27475
A5 7055.8
A6 2414.5
A7 1001.9
A8 481.56
D4 994.94
Table 2. ZΦ(3/4)
4

We can now prove Theorem 1.
Proof. If Φ is among the root systems covered by Proposition 10, then
the same is true for its dual, and it follows that ζG(1) < 13/7. If, for
some n ≥ 7, we have Rn(G) ≥ n, then
ζG(1) > 1 + (n− 1) · n
−1 ≥ 13/7.
Thus, n ≤ 6. However, dimG ≥ 45 > 62 for all the cases covered by
Proposition 10, so G has no non-trivial representations of degree ≤ 6.
Table 2 indicates the values of ζG(3/4)
4 for all simply laced root sys-
tems of rank≥ 2 not covered by Proposition 10. An exhaustive machine
search for representations in the indicated ranges yields precisely one
non-trivial case where Rn(G) ≥ n, namely the equality R3(SU(3)) = 3.
Theorem 1 follows for all G with simply laced root system.
The remaining irreducible root systems all have the same underlying
graph as Ar, and we use the same numbering convention for the simple
roots. By [B, VI, §1, Prop. 19, Cor. 3], αi + αi+1 + · · · + αj is a
positive root for all i ≤ j. Therefore, the dimension of the irreducible
representation of G associated to the r-tuple (c1, . . . , cr) is at least as
great as the dimension of the irreducible representation of SU(r + 1)
associated to the same r-tuple. This proves Rn(G) ≤ n for root systems
of type B, C, F, and G as well. Moreover, in the case r = 2, the
pairs (1, 2) and (2, 1) give representations of B2 and G2 of dimension
strictly greater than 3. Thus, the non-simply laced root systems give
no additional cases for which Rn(G) = n > 1.

Now we prove Theorem 2.
Proof. Since we are taking the limit as n → ∞, we can exclude the
exceptional groups and groups of type Dr, r ≤ 8. Then, if G is of rank
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r and s > 2/(r + 1),
ζG(s) ≤ ζSU(r+1)(s).
Thus, it suffices to prove that for all s > 0.
(6) lim
r→∞
ζSU(r+1)(s) = 1.
By (4),
ζSU(r+1)(s) <
(r+1)/2∏
i=1
ζ
(
s
j∑
i=1
r∑
k=j
1
1 + k − i
)2
<
∞∏
j=1
ζ(smax(j, j log r/j))2.
If we assume r > (3/s)e3/s, for each positive integer j, either j > 3/s
or r/j > e3/s, so by Lemma 9,
ζSU(r+1)(s) < exp
(
4
∞∑
j=1
2−smax(j,j log r/j)
)
.
If N > exp(1/s) and r > N2,
∞∑
j=1
2−smax(j,j log r/j) ≤
N∑
j=1
2−sj logN +
∞∑
j=N+1
2−sj ≤ 21−s logN +
2−sN
1− 2−s
.
If s > 0 is fixed and N → ∞, the right hand side goes to 0. As
ζG(s) > 1 for all G and all s, this implies (6).

Lemma 11. Let a1, a2, . . . be a sequence of non-negative real numbers.
If an = O(n
ǫ) for all n > 0, then
bn :=
∑
d1···dk=n
1<d1≤···≤dk
= O(nǫ)
for all ǫ > 0.
Proof. If
f(s) := 1−s +
∞∑
n=2
ann
−s
converges for all s > 0, then
∞∏
n=2
1
1− ann−s
= 1 +
∞∑
n=2
bnn
−s
converges for all s > 0. If an = O(n
ǫ) for all ǫ > 0, then f(s) converges
for all s > 0, so bn = O(n
ǫ) for all ǫ > 0. 
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Lemma 12. For all positive integers n there exist integers R and m
and a finite set Λ ⊂ Nm such that if G is a simply connected, simple,
compact Lie group of rank r ≥ R and χλ(1) ≤ r
n, then either G is of
type Ar and
(7) λ = a1̟1 + · · ·+ am̟m + bm̟r+1−m + · · ·+ b1̟r
for some (a1, . . . , am), (b1, . . . , bm) ∈ Λ, or G is of type Br, Cr, or Dr,
and
(8) λ = a1̟1 + · · ·+ am̟m
for some (a1, . . . , am) ∈ Λ.
Proof. For 1 ≤ i ≤ r,
vi(Φ) ≥ 1 + 1/2 + · · ·+ 1/r − 1 > log r.
By (1), this implies ci ≤ m/ log 2 for all i. Our goal is therefore, to
prove that ci = 1 except when i is bounded above or, in the case of
Ar, when r − i is bounded above. For Ar, this is an easy consequence
of Lemma 7. For the remaining root systems, we need only prove that
for every constant C, vi(Φ) ≤ C log r implies an upper bound on i. For
Br, by [B, Planche II], for 1 ≤ p < q ≤ r,
q−1∑
i=p
αi +
r∑
j=q
αi ∈ Φ
+.
Thus, the sum for vi(Br) contains at least i(2r − 1 − i)/2 terms, each
of which is at least 1/(2r − 1). Thus,
vi(Br) ≥ max(vi(Ar),
i(r − 1)
2r − 1
),
so vi(Br) ≤ C log r implies an upper bound on i independent of r. For
Cr, by [B, Planche III], for 1 ≤ p < q ≤ r,
αr +
q−1∑
i=p
αi +
r−1∑
j=q
αi ∈ Φ
+.
As in the Br case, vi(Cr) is the sum of at least i(2r − 1 − i)/2 terms,
each of which is at least 1/(2r − 1), so
vi(Cr) ≥ max(vi(Ar),
i(r − 1)
2r − 1
),
which implies an upper bound on i, independent of r. By (5),
vi(Dr) ≥ max(vi(Ar), fraci(r − 1)2r − 3),
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for 1 ≤ i ≤ r − 2, and
vr−1(Dr) = vr(Dr) ≥
(r − 1)(r − 2)
2r − 3
,
which again implies an upper bound on i, independent of r. 
We now prove Theorem 4.
Proof. If G is a semisimple compact Lie group with universal covering
group G˜ and V is a faithful irreducible representation of G, then we can
regard V as an almost faithful irreducible representation of G˜. Writing
G˜ as a product of its simple factors G1 × · · · × Gk, we can factor V
as V1 ⊠ · · · ⊠ Vk, where each Vi is a non-trivial representation. We
can order the factors Gi so that dimV1 ≤ dimV2 ≤ · · · ≤ dimVk. By
Lemma 11, it suffices to prove that for each n, the number of pairs
(G, V ) where G is a simply connected, simple, compact Lie group and
V is a representation of dimension n is O(nǫ) for all ǫ > 0.
By Theorem 2, for every ǫ > 0, there exists a finite set Σ of groups
such that for every simply connected, simple, compact Lie group G not
isomorphic to any element of Σ, we have ζG(ǫ/2) ≤ 2. For any such G,
Rn(G) ≤ n
ǫ/2. If we limit ourselves to groups G of rank ≤ nǫ/2 which
do not lie in Σ, the total contribution is bounded by nǫ.
Next we show that for each G ∈ Σ, there are O(nǫ) representations
of G of degree n. Suppose that G has rank r. The representations
of G are indexed by (c1, . . . , cr) ∈ N
r. It suffices to show that for
each j ∈ {1, . . . , r}, the number of representations with cj > 0 and
degree n is O(nǫ). Applying [B, VI, §1, Prop. 19, Cor. 3], for each
k ∈ {1, . . . , r}, the sum of all the simple roots corresponding to vertices
on the path from j to k is a positive root βk. Clearly, β1, . . . , βr span
the root system. Ordering the positive roots of G so that β1, . . . , βr
come first, we deduce from Weyl’s dimension formula that
r∏
i=1
r∑
j=1
ai,jcj
∣∣∣ CGn,
where
CG =
u∏
i=1
r∑
j=1
ai,j.
Moreover, the linear independence of β1, . . . , βr implies that the r-tuple
(d1, . . . , dr) =
( r∑
j=1
a1,jcj , . . . ,
r∑
j=1
ar,jcj
)
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determines (c1, . . . , cr). We define
dr+1 =
CGn
d1 · · · dn
and then let e1, . . . , es, s ≤ r + 1, denote the sequence obtained by
ordering all elements in the set {d1, . . . , dr+1} which are greater than
1. Thus ∑
d1···dr |CGn
1 ≤ (r + 1)!
∑
e1···es=CGn
1<e1≤e2≤···≤es
1.
By Lemma 11, this sum is O((CGn)
ǫ) and therefore O(nǫ).
This leaves only groups of rank≥ nǫ/2, and taking n sufficiently large,
we may assume that only classical groups need be considered. Setting
m = 2/ǫ in Lemma 12, there exists a finite set Λ, so that if G is of type
Ar, λ is given by (7), and if G is of type Br, Cr, or Dr, it is given by
(8). We claim that for each element (a1, . . . , am) ∈ Λ and each family
A, B, C, D, the dimension of the representation is a strictly monotone
function of r. Perhaps the easiest way is note that the branching rules
for classical groups [K, 9.14,9.16,9.18] imply that for X ∈ {A,B,C,D},
the restriction of the representation of Xr associated to (a1, . . . , am) to
Xr−1 contains the representation ofXr−1 associated to (a1, . . . , am) as a
proper subrepresentation. We conclude that the groups of rank ≥ nǫ/2
contribute at most a constant term |Λ|2 + 3|Λ| to the total number of
pairs (G, V ). 
3. Maximal Subgroups of Classical Groups
Let k be an algebraically closed field of characteristic p ≥ 0. Let G
be a simple classical group over k (i.e. G = SL(n), n > 1, Sp(2n), n >
1, SO(2n), n > 3, SO(2n+ 1), n > 2, p 6= 2). We now give Aschbacher’s
description of proper subgroups in the case of algebraic groups. The
proof is much easier in the algebraically closed case. See [A, KL, G,
GT, LSe]. Let V denote the natural module for G.
The main idea of the proof is as follows. Let H be a closed proper
subgroup of G. We may assume thatH acts irreducibly and primitively
on V . In particular, any normal subgroup N of H acts homogeneously
on V (i.e. V is a direct sum of isomorphic irreducible modules of
G). Choose N to be a minimal closed normal noncentral subgroup
of H . Then N cannot be abelian (since it acts homogeneously and is
noncentral). So either N is of symplectic type (i.e. essentially a finite
extraspecial group) or it is a central product of quasimple groups. If N
does not act irreducibly, it follows by Clifford theory, that G preserves
a tensor structure on V — i.e., V ∼= V1⊗ V2 with each Vi a module for
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C1 H preserves a totally singular or nondegenerate subspace of V
C2 H preserves an additive decomposition of V
C4 V is tensor decomposable for H
C6 H normalizes a subgroup of symplectic type
C7 V is tensor induced for H
C8 V is the natural module for a classical subgroup H ;
S1 H is the normalizer of an irreducible quasisimple finite group S
S2 H is the normalizer of an irreducible simple algebraic subgroup S
Table 3. Aschbacher Classes
the cover of N . In this case, N will be contained in X ⊗ Y where X
is a classical group acting on Vi (e.g., for G = SL, N is contained in
GL(V1)⊗ GL(V2), or if G = SO, N is contained in GO(V1)× GO(F2)
or Sp(V1)⊗ Sp(V2)). So we may assume that N is irreducible. If N is
of symplectic type, then H is contained in the normalizer of N . If N
is a central product of quasisimple groups, then either N is finite or
semisimple. If there is one more than one term in the central product,
it is easy to see that V is tensor induced (i.e. V = V1 ⊗ . . .⊗ Vm with
dimVi = d for all i and H embeds in GL(d) ≀ Sm– if G = SO(d
m),
then in fact H embeds GO(d) ≀Sm and or possibly Sp(d) ≀Sm; there are
similar possibilities for G = Sp(dm)).
Thus, Aschbacher’s theorem for algebraic groups can be stated as:
Let H be a proper closed subgroup of G, then H belongs to one of
the classes Ci(G) or Si(G).
Note that we have kept the same numbering as in Aschbacher’s the-
orem for finite groups but certain cases do not arise in the algebraic
group case.
It is easy to see as in the proof [LPS, Lemmas 2.1, 2.4] that:
Lemma 13. Let G be a classical group over k with n being the di-
mension of the natural module V . The number of conjugacy classes of
maximal subgroups of G in ∪H∈Ci is at most n + 3 logn+ 3.
We need to deal with the maximal subgroups in S1 and S2. Unfortu-
nately in positive characteristic the results are rather weak and we do
not have strong enough information about the subgroups in Si, i = 1, 2
to obtain good upper bounds on the number of conjugacy classes in Si.
So now we assume that we are in characteristic 0.
By Theorem 4, it follows that the number of conjugacy classes of
maximal subgroups in S2(G) is O(n
ǫ).
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The result for S1 we need has recently been obtained by Ha¨sa¨ [H].
This is the only result in the paper that requires the classification of
finite simple groups.
Lemma 14. The number of conjugacy classes of maximal subgroups
in S1(G) is at most O(n).
Now Theorem 5 for algebraic groups follows – for if the rank of G
is fixed, there is nothing to prove. So we may assume that G is a
classical group in sufficiently large dimension and the remarks above
immediately give the desired bound.
The result for compact groups follows easily from the result on alge-
braic groups.
4. Dimensions of Fixed Spaces
In this section, we prove Theorem 6. Note that since w(g) is constant
on an open subvariety of G, it suffices to exhibit just one g satisfying
the conclusion (for a given V , an open subvariety of a maximal torus
has precisely the same weight spaces as the torus).
So let G be a simple compact Lie group and V a nontrivial irreducible
finite dimensional module for G. We require two lemmas. The first is
due to Seitz [S] (and the result holds in all characteristics and for finite
Chevalley groups).
Lemma 15. Let T be a maximal torus of G. Then the dimension of
any weight space for T is at most 1+(dimV )/h, where h is the Coxeter
number of G.
This proves the theorem if the rank is increasing. So it suffices
to prove the theorem for a fixed G. Daniel Goldstein [Go] proved
Theorem 6 in this case. We give a different proof (Goldstein’s proof
gives somewhat better bounds).
Lemma 16. Let G be a simple compact Lie group. Let V be an irre-
ducible finite dimensional module for G. Let g ∈ G be a regular element
of prime order p. Then
lim sup
dimV→∞
wV (g)
dim V
=
1
p
.
Proof. Let χ denote the character of V . By the Weyl character formula,
|χ(gk)| ≤
|W |
|1− e2πi/p||Φ+|
for 1 ≤ k ≤ p−1 where Φ+ is the set of positive roots of the root system
of G and W is the Weyl group. Let λ be any irreducible character for
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L := 〈g〉. If m(λ, χ) is the multiplicity of λ in the restriction of χ to
L, then
pm(λ, χ) =
p−1∑
k=0
χ(gk)λ(g−k) ≤ χ(1) + (p− 1)
|W |
|1− e2πi/p||Φ+|
.
Note that wV (g) = maxλ{m(λ, χ)} ≥ χ(1)/p. Thus the result fol-
lows. 
Since for any sufficiently large prime p there are regular elements of
order p in G, we see that there is some element g ∈ G with w(g) <
ǫ dimV as long as dimV is sufficiently large. This completes the proof.
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